We show that an infinite dimensional Lie group in Milnor's sense has the strong Trotter property if it is locally µ-convex. This is a continuity condition imposed on the Lie group multiplication that generalizes the triangle inequality for locally convex vector spaces -and is equivalent to that the evolution map is continuous on its domain w.r.t. the C 0 -topology. In particular, the result proven here significantly extends the respective result obtained by Glöckner in the measurable regular context.
, we have lim n µ(τ /n) n = exp(τ ·μ(0)) ∀ τ ∈ [0, ℓ]
uniformly for each ℓ > 0. As already figured out in [3] , this implies 1 the strong commutator property; and, also the Trotter-, and the commutator property that are relevant, e.g., in representation theory of infinite dimensional Lie groups [8] . More importantly, Theorem I in [3] states that G has the strong Trotter property if it is R-regular. Now, R-regularity implies C 0 -continuity of the evolution map; so that Theorem 1 in [5] shows that G is locally µ-convex (constrained in [5] ). This condition has originally been introduced in [2] ; and states that to each continuous seminorm u on the modeling space E of G, there exists a continuous seminorm u ≤ o on E, such that
holds for each X 1 , . . . , X n ∈ E with o(X 1 ) + . . . + o(X n ) ≤ 1. Evidently, this generalizes the triangle inequality for locally convex vector spaces; and, in general (no regularity presumption on G) is equivalent to that the evolution map is C 0 -continuous on its domain, cf. Theorem 1 in [5] . In this paper, we show that this condition already suffices to ensure validity of (1); i.e., Theorem 1. If G is locally µ-convex, then G has the strong Trotter property.
In particular, this drops the presumptions made in [3] on the domain of the evolution map, as well as the completeness presumptions made in [3] on g.
Preliminaries
In this section, we fix the notations, and discuss the properties of the product integral (evolution map) that we will need in Sect. 3 to prove Theorem 1. The proofs of the facts mentioned but not verified in this section, can be found, e.g., in Sect. 3 in [5] .
Lie Groups
In the following, G will denote an infinite dimensional Lie group in Milnor's sense [1, 4, 6, 7] that is modeled over the Hausdorff locally convex vector space E, with corresponding system of continuous seminorms P. We denote the Lie algebra of G by g, fix a chart
with e ∈ U and Ξ(e) = 0, and identify g ∼ = E via d e Ξ : g → E -Specifically, this means that we will write p(X) instead of (p • d e Ξ)(X) for each p ∈ P and X ∈ g in the following. We let m : G × G → G denote the Lie group multiplication, R g := m(·, g) the right translation by g ∈ G, and Ad : G × g → g the adjoint action, i.e., we have
for each X ∈ g, and g ∈ G.
The Product Integral
Let K ≡ {[r, r ′ ] ⊆ R | r < r ′ } denote the set of all proper compact intervals in R. The right logarithmic derivative is given by
The product integral is given by
and we let φ ≡
, φ just equals the "small evolution map", usually denoted by evol in the literature. Moreover, φ equals the Riemann integral for the case that (G, ·) ≡ (E, +) is the additive group of a locally convex vectors space E -The formulas a)-d) below, then just generalize the well-known formulas for the Riemann integral. ‡
We have the following elementary identities:
Finally, we let DP 0 (K, g) denote the set of all piecewise integrable curves; i.e., all maps φ : [r,
In this situation, we define r r φ := e, and let
A standard refinement argument in combination with c) then shows that this is well defined, i.e., independent of any choices we have made. It is furthermore not hard to see that, for φ, ψ ∈ DP 0 ([r, r ′ ], g), we have Ad [
Some Estimates
We recall that, cf. Sect. 3.4.1 in [5] i) For each compact C ⊆ G, and each q ∈ P, there exists some q ≤ m ∈ P, as well as
for the smooth map 
is continuous, because we have
for each τ ∈ [0, ℓ], and each t ∈ [0, 1/m].
We say that
It is straightforward to see that
, G) converges uniformly iff for each neighbourhood V ⊆ G of e, there exists some n V ∈ N with
Proof. The proof is elementary, and can be found in Appendix A.2.
Continuity of the Integral
As already mentioned in the introduction, Theorem 1 in [5] shows that locally µ-convexity (2) (constrainedness in [5] ) is equivalent to that the product integral is continuous on D ∩ C k ([r, r ′ ], g) for any k ∈ N ⊔ {lip, ∞} and [r, r ′ ] ∈ K, w.r.t. the C 0 -topology, i.e., w.r.t. the seminorms
It was furthermore shown in [5] that (2) implies that the product integral is continuous at zero on DP 0 (K, g) w.r.t. the L 1 -topology; i.e., that, cf. Proposition 2 in [5] Proposition 1. If G is locally µ-convex, then for each p ∈ P, there exists some p ≤ q ∈ P with
Then, using (4), this generalizes to Lemma 2. Suppose that G is locally µ-convex; and let K ⊆ G be compact. Then, for each p ∈ P, there exist p ≤ m ∈ P and O ⊆ G open with K ⊆ O, such that for each [r, r ′ ] ∈ K, we have
Proof. For p ∈ P fixed, we choose p ≤ q as in Proposition 1. Since C := K −1 is compact, by i), there exists some q ≤ m ∈ P, as well as
Then, for χ := Ad [
, we have q(χ(s)) ds ≤ m(χ(s)) ds ≤ 1; and obtain from Proposition 1 that
holds. Since t r χ equals the right side of (4), we have shown
) ds, which proves the claim.
The Strong Trotter Property
We now are going to prove Theorem 1. For this, we first observe that
is continuous; thus, has compact image.
tends to e for h → 0; because C h tends to e for h → 0, by Lemma 2 applied to K ≡ im[
. We obtain from c) that
Since the integrands are bounded, Proposition 1 shows that lim h ′ →0 A ± h ′ = e converges uniformly in h; from which the claim is clear.
Combining this with Lemma 2, we obtain Corollary 1. Suppose that G is locally µ-convex; and that L · φ ⊆ DP 0 ([0, 1], g) holds, for L ∈ K and φ : [0, 1] → g. Then, for each p ∈ P, there exists some p ≤ m ∈ P, such that
Proof. Let Φ be defined by (7) . Since Lemma 3 shows that K ≡ im[Φ] is compact, the claim is clear from Lemma 2.
We are ready for the Proof of Theorem 1. We fix ℓ > 0, let X :=μ(0); and choose m ≥ 1 such large that
We obtain from (3) that
, and φ ≡ φ X fulfill the presumptions of Corollary 1. Now,
• For τ ∈ [0, ℓ] and n ≥ m, we let
and define φ τ,n ∈ DP 0 ([0, 1], g) by ("we put χ n n-times in a row")
• For τ ∈ [0, ℓ], n ≥ m, and 0 ≤ p ≤ n − 1, we apply d) to ̺ p : [p/n, (p + 1)/n] ∋ t → t − p/n ∈ [0, 1/n]; and obtain
Then, c) provides us with
• For each τ ∈ [0, ℓ] and n ≥ m, we have
It thus follows from continuity of (5) in ii) 3 , that for each m ∈ P and 0 < ǫ ≤ 1, there exists some n m,ǫ ≥ m with
Let now p ∈ P and 0 < ǫ ≤ 1 be fixed. We choose p ≤ m ∈ P as in Corollary so that the claim is clear from Lemma 1.
for which we have α(·, e) = e ∈ U on [−δ, 1 + δ]. By continuity, for each t ∈ [0, ℓ], there thus exists some open V t ⊆ G with e ∈ V t ⊆ U , as well as some 0 < δ t ≤ δ, such that α((t − δ t , t + δ t ), V t ) ⊆ U holds. Then, by compactness of [0, ℓ], there exists an open neighbourhood V ⊆ G of e, such that for each t ∈ [0, ℓ], we have
which shows (12).
